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Abstract 

We introduce the concept of locally homogeneous space, and prove in 
this context L p and C a estimates for singular and fractional integrals, 
as well as L p estimates on the commutator of a singular or fractional 
integral with a BMO or VMO function. These results are motivated by 
local a-priori estimates for subelliptic equations. 

1 Introduction 

Motivation 

The theory of singular integrals has been usefully applied to local a priori esti- 
mates for PDEs in several contexts of increasing generality, in the last decades. 
The abstract framework of spaces of homogeneous type, introduced by Coifman- 
Weiss in [19) . has proved to be a suitable framework in many cases, so far: we 
have a set (which in concrete applications is usually a bounded domain of W l ), 
a distance or a quasidistance adapted to the differential operator (the Euclidean 
distance for classical elliptic equations, parabolic distance for parabolic equa- 
tions, Carnot-Caratheodory distance -or some variation of it- for operators built 
on Hormander's vector fields -see [IS]-, and so on), and a measure (usually the 
Lebesgue measure) which is doubling with respect to the metric balls. In these 
situations the quasidistance p is usually defined in some fio which is either the 
whole K™ or some domain which is larger than the bounded domain where we 
want to prove our estimates. Since the balls B (x, r) are, by definitions, subsets 
of f2o, that is 

B (x, r) = {y efl Q : p (x, y) < r} , 

if we want to apply the theory of spaces of homogeneous type to the set f2, the 
doubling condition we have to check is 

p (B (x, 2r) n O) < cp (B (x, r) n ft) for any x € Q, r > 0. (1) 

On the other hand, the doubling condition that reasonable p and p usually 
satisfy is 

p (B (x, 2r)) < cp (B (x, r)) for any x E fi, < r < r (2) 
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for some small ro . Passing from ^ to (JXJ) requires some "smoothness" property 
of d£l, a property which, however, is not a natural requirement for our original 
local problem, but more a technical complication due to the fact that, in order 
to apply the theory of spaces of homogeneous type, we are regarding the set Cl, 
which in our problem is a subset of a larger universe, as the universe itself. If 
H is the Lebesgue measure and p is the Euclidean distance, in order to fulfil ([1]) 
it is enough to require dVl Lipschitz; if p is the Carnot-Caratheodory distance 
induced by a set of Hormander's vector fields X\, X 2 , X q which is naturally 
attached to the study of the operator 

0) 

i=l 

then (TT]) is satisfied for instance when f2 is itself a metric ball, as was first proved 
in [5T] (see also [H Lemma 4.2] for a more self-contained proof); this result 
basically relies on the fact that this quasidistance has the segment property, 
which essentially means that for any couple of points xi,x 2 at distance r and 
for any number S < r there exists a point xq having distance S from x\ and r — 8 
from X2- An analog result of regularity for the metric ball has been proved in 
[5] for the "parabolic Carnot-Caratheodory distance" attached to the operator 

i=l 

This distance has no longer the segment property, but the simple way in which 
the time variable is involved allows to do explicit (but nontrivial!) computations 
and show that when ft is a metric ball, ([1]) still holds. 

If we now pass to consider Hormander's operators of the kind 

i X ? + X o (4) 

i=l 

(where the drift term Xq is part of the set Xq, X\, X q which satisfies Hormander's 
condition), the corresponding quasidistance p is the one defined by Nagel-Stein- 
Wainger in [26] ; this quasidistance has been much less studied than the usual 
Carnot-Caratheodory distance (we can quote, in the context of nonsmooth 
Hormander's vector fields, the two papers [B], [7]). Although a local doubling 
condition ^ holds, as proved in [25], this quasidistance does not satisfy the 
segment property and, as far as we know, a condition of kind (JXJ) has never been 
proved for fi a metric ball, or for any other special kind of bounded domain 
17. Therefore the existing results do not allow to apply the theory of spaces of 
homogeneous type to the space (f2, p, p) when is some bounded domain of M™, 
p is the Nagel-Stein-Wainger distance attached to the set of Hormander's vector 
fields Xi,X 2 , ■■■tXq (with Xq of "weight" two), and p the Lebesgue measure. 
This problem has been sometimes overlooked, apparently; for instance, in the 
famous paper [27], L p estimates are proved for operators ©, and stated for 
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operators (U]), without any reference to the mere existence of the problem of 
assuring the validity of condition JT]) . On the other hand, as already suggested, 
one feels that if our final goal is that of proving local estimates, no kind of 
"smoothness" of the domain il with respect to the quasidistance should be a 
crucial requirement; in other words, it is reasonable that this difficulty could 
be bypassed. The basic scope of the present paper is to build up a local theory 
of singular integrals which does not require checking condition (QJ), when (0) is 
known. 

Another problem of a-priori estimates for PDEs in which proving that ^ 
implies ([lj for some domain f2 appears troublesome has been studied in jlOj . In 
that paper the Authors consider a class of Kolmogorov-Fokker-Planck operators 
on R™ x [—1,1], for which the natural quasidistance is a function p (not equiva- 
lent to the Carnot-Caratheodory distance induced by a system of Hormander's 
vector fields), which satisfies the quasi-triangle inequality on any compact set 
and satisfies a local doubling condition for any bounded il; again, however, 
one has no idea of how to prove (UJ for some particular bounded f2. In that 
case, the Authors overcame the problem by applying an ad-hoc theory of sin- 
gular integrals in nondoubling spaces, developed in [2]. The resort to theories 
of singular integrals in nondoubling contexts, as have been developed in the 
last decade by Tolsa, Nazarov-Treil-Volberg, and other authors (see for instance 
the book [35] and references therein), is actually an alternative possibility in 
order to bypass ([1]). However, and here another motivation of the present paper 
comes in, when proving a-priori LP estimates for PDEs with VMO coefficients 
(a line of research which started with the papers by Chiarenza-Frasca-Longo 
[14] . [15] and developed in several directions in the last 20 years), one needs 
a series of results about commutators of singular and fractional integrals with 
BMO functions, which do not have a natural counterpart in the nondoubling 
context; more precisely, results of this kind have been actually proved by Tolsa 
[28] . in the context of (K™, d, dfj,), where fi is a very general Radon measure, 
but d is the Euclidean distance. Since the extension of these deep results to the 
case of a general quasidistance d appears far from being obvious, it seems easier 
and more natural for the problem under exam to establish these commutator 
theorems in the framework of a theory of singular integrals in a locally doubling 
context (instead than in a nondoubling one) . More generally, we think that the 
idea of proving a local version of some basic results about singular integrals is 
a very natural one, and we feel that these results can be of some interest also 
for other applications. 

Main results 

In this paper we will prove, in the context of locally homogeneous spaces (which 
will be defined in the next section), results of continuity, in LP and C a spaces, 
for singular and fractional integrals, as well as LP estimates for the commutator 
of a singular or fractional integral with the multiplication with a BMO function. 
Also, we will state these commutator theorems in a form suitable to prove the 
smallness of the LP norm of the commutator on a small ball, whenever the BMO 
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function actually belongs to VMO. This localized version of the commutator 
theorem for a VMO function, in the original Euclidean case (exploited in [14], 
|15j ) relies on the possibility of approximating a VMO function by a uniformly 
continuous function in BMO norm, and on the possibility of extending to the 
whole space a uniformly continuous function defined on a ball, preserving the 
continuity modulus. Here we manage to establish directly the localized version of 
the commutator theorems for a VMO function, without the necessity of proving 
the aforementioned approximation and extension results. Therefore, under this 
respect, our approach conceptually simplifies also the Euclidean case. We will 
also deal, very briefly, with a local version of the maximal function and its LP 
continuity, another tool which is useful in the alluded applications. 

Our main results are: Theorems [21] and [24] in Section [5] Theorems [29] [30] 
[3T1 in Section [7] Theorem [35] in Section [8] We also think that the basic theory 
developed in Sections [2][31 particularly Theorems M and HH] could be useful to 
prove further results in the same spirit. 

All the results proved in this paper will be used in the proof of LP and C a 
estimates for nonvariational operators structured on Hormander's operators of 
type (@|, that is for operators of the form 



where X , Xi, X q are a system of smooth Hormander's vector fields in a 
bounded domain of MP (n > q + 1), {a^} is a uniformly positive matrix with 
bounded entries, a is bounded and bounded away from zero and all the coeffi- 
cients ay , ao belong to the suitable function space VMO or C a (respectively, to 
prove LP and C a estimates on XiXju). These estimates are proved in a separate 
paper [11] . and generalize the results proved in [3] and [5] when the drift Xq is 
lacking. 



The basic idea, in order to bypass the necessity of checking condition (Q]) instead 
of ([2]) , is to adapt the abstract construction of dyadic cubes in spaces of homo- 
geneous type carried out by Christ in [16) . In that paper, the Author shows how 
in any space of homogeneous type one can construct, for any k G Z, a family 
of "dyadic cubes" of diameter comparable to S k (with 8 a small fixed number). 
Actually these "cubes" are open sets, defined by an abstract construction, which 
nevertheless share with the classical dyadic cubes all the basic properties. The 
relevant fact for us is that each of these cubes Q is, in turn, a space of homoge- 
neous type, that is in [16] the Author proves that ([l} actually holds for VI = Q. 
Here we adapt the previous construction in a local setting. Given our space f2, 
which is seen as the union of an increasing sequence of bounded subsets Q n , 
we construct for each n and each scale k = 1,2,3..., a family of (small) dyadic 
cubes essentially covering Q„ and contained in f2 n +i; each of these cubes can 
still be proved to be a space of homogeneous type; moreover, the same is true 




i.j=l 



Strategy 
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for any finite union of dyadic cubes of the same scale k. The idea is then to 
apply known results for spaces of homogeneous type to suitable unions of dyadic 
cubes which cover a fixed small ball, and derive the corresponding result on the 
ball. Since dyadic cubes are abstract objects, which in concrete applications of 
the theory cannot be explicitly exhibited, our job is to use dyadic cubes just as 
a tool, but to state and prove all our results in the language of balls, to make 
them easily applicable. 

To make more transparent the strategy of our construction, let us point out 
what follows. 

We will show that for any n we can cover f2„ with a finite union of balls of 
any prescribed small size, and for each of these balls we can construct a space 
of homogeneous type F which is contained in fi n +i, "almost contains" this ball 
B, and is comparable to -B, both in measure and in diameter. This "almost 
inclusion" is made precise in two ways: 

1) F D B \ E where E is a zero measure set; this inclusion is enough to 
handle LP estimates or more generally estimates which involve integral norms; 

2) the closure of F contains B; this inclusion is enough to handle C a esti- 
mates, or more generally estimates which involve moduli of uniform continuity 
of the functions. 

The idea of exploiting Christ's construction of dyadic cubes to prove results 
in a locally doubling context has been already used by Carbonaro, Mauceri, 
Meda in [T2]; their context, however, is different from ours: in that paper the 
Authors consider a situation where the measure of balls grows fast at infinity, 
so that the doubling condition holds for balls of radius r < ro, for any fixed 
ro; on the other hand, these Authors have not our problem of keeping far from 
the boundary of a bounded domain, to avoid intersections. Moreover, they use 
dyadic cubes to adapt the proofs which hold in the doubling case, while our 
strategy is not to adapt the existing proofs but to apply the existing results 
which hold in the doubling case. 

The construction of a suitable family of spaces of homogeneous type is not 
the only problem to overcome in our situation. The possible overlapping of 
the balls B (x, r) with the boundary of the considered domain creates problems 
under at least other two regards. The first is the validity of a suitable cancel- 
lation property for the kernel of singular integral operator: if we know that a 
singular kernel has a bounded integral over small spherical shells, this does not 
imply the persistence of this property when we integrate over the intersection of 
the spherical shell with some fixed domain. This problem will be solved using 
suitable cutoff functions. The second problem is to suitably define and handle 
BMO and VMO spaces, avoiding to take the average of a function over the 
intersection of B (x, r) with a fixed domain. To this aim we will introduce a 
BMOioc space adapted to a couple of domains fi„ C fin+i, which in our con- 
text is a natural notion, and we will show which relation this space has with the 
standard BMO. 
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Plan of the paper 

In Section [3] we state precisely our definition of locally homogeneous spaces 
and draw some first consequences of the definition, in terms of topology and 
measure. Section [3] contains the construction of dyadic cubes and the proof 
of their relevant properties which will allow to apply the theory of spaces of 
homogeneous type. In Section [4] we build, in a fairly standard way, Holder 
continuous cutoff functions, another tool which will be useful in the following. 
In Section [5] we prove our local IP and C a continuity results for singular and 
fractional integrals. In Section [6] we introduce BMO and VMO spaces, both 
in the standard and in a local version, and study the relation between the two 
concepts. In Section [7] we prove local LP estimates on the commutator of a 
singular or fractional integral with a BMO or VMO function. In Section [8] we 
deal with the local maximal operator and its LP continuity. Finally, in Section 
[5] we extend the results of Sections [5] to |5] to the more general situation where 
the local quasidistance is quasisymmetric but not symmetric. An Appendix 
collects all the known results about spaces of homogeneous type which we need 
throughout the paper. 

Acknowledgements. This research was mainly carried out while Maochun 
Zhu was visiting the Department of Mathematics of Politecnico di Milano, which 
we wish to thank for the hospitality. The project was supported by the National 
Natural Science Foundation of China (Grant No. 10871157), Specialized Re- 
search Fund for the Doctoral Program of Higher Education (No. 200806990032). 

2 The abstract framework of locally homoge- 
neous spaces 

We are going to state the assumptions which will define the notion of locally 
homogeneous space. (For comparison, the standard definition of space of homo- 
geneous type is recalled in the Appendix, Section [T0|) . 

(HI) Let £1 be a set, endowed with a function p : £1 x £1 — > [0, oo) such that 
for any 

(a) p(x,y) = x = y; 

(b) p (x,y) =p(y,x) . 

For any x G SI, r > 0, let us define the ball 

B {x, r) = {y G fi : p (x, y) < r} . 

These balls can be used to define a topology in O, saying that A C £1 is open if 
for any x G A there exists r > such that B (x, r) C A. Also, we will say that 
E C fi is bounded if E is contained in some ball. 
Let us assume that: 

(H2) (a) the balls are open with respect to this topology; 
(H2) (b) for any x G £1 and r > the closure of B (x, r) is contained in 
{y G £1 : p (x, y) < r} . 



6 



We will prove in a moment that the validity of conditions (H2) (a) and (b) 
is equivalent to the following: 

(H2') p {x, y) is a continuous function of x for any fixed y G fl. 
(H3) Let p be a positive regular Borel measure in ft. 

(H4) Assume there exists an increasing sequence {^ n }^Li of bounded mea- 
surable subsets of n, such that: 

oo 

\Jn n = n (5) 

n=l 

and such for, any n = 1, 2, 3, ...: 

(i) the closure of il n in fl is compact; 

(ii) there exists e n > such that 

{x G £1 : p (x, y) < 2e n for some y 6 Q n } C f^n+i; (6) 

(H5) there exists B n > 1 such that for any x,y, z G f2 n 

p(x,y) < B n (p(x,z) + p(z,y)) ; (7) 

(H6) there exists C„ > 1 such that for any x € < r < e n we have 

< p,(B(x,2r)) < C n fj,(B(x,r)) < oo. (8) 

(Note that for a; S fi„ and r < e n we also have S (x, 2r) C O n +i). 

Definition 1 We will say that (£1, {n n }^ =1 , p, p) is a locally homogeneous 
space if assumptions (HI) to (H6) hold. 

Dependence on the constants. The numbers e n ,B n ,C n will be called 
"the constants of fi n ". It is not restrictive to assume that B n ,C n are nondc- 
creasing sequences, and e n is a nonincreasing sequence. Throughout the paper 
our estimates, for a fixed 0„, will often depend not only on the constants of Q n , 
but also (possibly) on the constants of f2 n +i, fl n +2, Qn+3- We will briefly say 
that "a constant depends on rt" to mean this type of dependence. 

In the language of 19 , p is a quasidistance in each set Q n ] we can also say 
that it is a local quasidistance in f2. We stress that the two conditions appearing 
in (H2) are logically independent each from the other, and they do not follow 
from ([7|), even when p is a quasidistance in f2, that is when B n = B > 1 for 
any n. If, however, p is a distance in J7, that is B n = 1 for any n, then (H2) is 
automatically fulfilled. 

The continuity of p also implies that J7]) still holds for x,y,z G Q n . We will 
sometimes exploit this fact. 

Also, note that p (f2 n ) < oo for every n, since Q n is compact. (This follows 
by the regularity of p, or also from the finiteness of the measure of balls, see 
(H6), since fl n can be covered by a finite number of small balls). 
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We also point out that assuming fi regular (see (H3)) is not really necessary, 
as will be explained after Proposition [18] however, since this assumption is 
harmless in the applications we are interested in, we prefer to keep it, in order 
to avoid the necessity of entering into annoying details. 

Examples 2 (i) If (VL,p,dp) is a bounded space of homogeneous type in the 
sense of Coif man- Weiss JT5j/ (the definition will be recalled in the Appendix), 
the above conditions are fulfilled choosing fi„ = fi and B n = B > 1 for any n. 

(ii) In the applications to subelliptic equations that we have in mind, and will 
be dealt in Ulf . Q is a bounded domain of M. N and fi„ an increasing sequence 
of bounded domains, with fi„ <<= fi n +i <s= fi for any n; p is the Nagel-Stein- 
Wainger distance induced by a family X , Xi, X 2 , X q of Hormander's vector 
fields, where X has weight two, p, the Lebesgue measure in M. . 

(Hi) The same setting of (ii) fits the theory of nonsmooth Hormander's 
vector fields, as dealt in f^, J^. 

Note that in the situations (ii)-(iii) p is actually a distance, which induces 
the Euclidean topology, and (H6) is a known result. 

(iv) In the situation considered in flOtf . fi = K x [— 1,1], fi n = B n x 
— 1, 1] where B n is the Euclidean ball of center and radius n in K , p (z, £) = 
z\\ where o is a Lie group operation related to the differential operator 

po N 

L = aij(^.. x . + h, , .*-,(),. - d t (where p < N) 
i)j=i »>j=i 

which is under study, while \\-\\ is the homogeneous norm defined by the family of 
dilations related to another differential operator, which is the "principal part" of 
L. Therefore p is neither the usual distance considered in Carnot groups, nor is 
(equivalent to) the Carnot- Caratheodory distance induced by the vector fields; p 
satisfies (H5) and induces the Euclidean topology; from its analytical definition 
it is clear that p is continuous, hence (H2) is fulfilled; also (H6) can be proved. 
More precisely, the function p considered in [10] is not symmetric but satisfies 
a weaker condition: for any n there exists A n > 1 such that 

P (x, y) < A n p (y, x) for any x, y £ fi„. (9) 

This motivates a further extension of our theory, as we will explain in a moment. 

Remark 3 (Extension to quasisymmetric functions) As anticipated in the 
above Example (iv), in view of some applications it is desirable to consider the 
more general setting in which p is not assumed symmetric, but satisfies condi- 
tion Q). However, developing the whole theory of Section^ under this weaker 
assumption would make our computations considerably heavier. Instead, it is 
much easier to develop first the theory under the symmetry assumption, and 
then to show that our main results about singular and fractional integrals still 
hold if we replace the symmetry condition with (OJ). This extension will be dis- 
cussed in Section^ 
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In the rest of this section we will make some remarks and prove some easy 
facts related to topology and measure in a locally homogeneous space. 

Since, by (H2) (a), the balls are open, for each x G Vt the balls B (x, r) satisfy 
the axioms of complete system of neighborhoods of x; hence the topological space 
ft is first countable, and continuity and closedness can be discussed by means 
of sequences of points. Let us prove the following fact, that we have claimed 
before. 

Proposition 4 Conditions (H2) are equivalent to condition (H2'). 

Proof. Assume (H2), and let us prove the continuity of ir i — > p (x, y). Fix x G ft 
and take a sequence {xk} converging to x. Let us show that p [x k , y) — > p (x, y) 
for any y G ft. Let r — p(x, y) and e > 0; since x G B (y,r + e) and the balls 
are open, there exists B (x, 8) C B (y, r + e) . Then x k G B (y,r + e) definitively, 
since Xk — > x. This implies that p {x k , y) < r + e definitively, so that 

limsup^^p (x k , y) < r + e. 

This holds for any e > 0, hence 

limsupfc^p (x k , y) < r. 

We now want to show that 

liminffe^oop (x k ,y) > r, (10) 

which will imply p(xk,y) — > p{x,y). Let again r = p(x,y) and e > 0; then 
xtB(y,r-i). By (H2) (b), 

S(y,r- £ )cs(y,r-|), 

hence (denoting the complement of A with A c ) x belongs to B (y,r — e) ; since 
this is an open set, there exists B (x, n) C B (y, r — e) ; hence Xk £ B (y,r — e) 
definitively, which means that p (xk, y) > r — e definitively, and 

liminffc^oo/? (x k ,y) >r - e. 

This holds for any e > 0, so (fP0|) follows. 

Conversely, assume now the continuity of p, and let us prove (H2). Let 
y £ B{x 1 r), so that p{x,y) < r. Since p is continuous, there exists B(y,r') 
such that for any z S B(y,r') we have p (x, z) < r; hence B(y,r') C B(x,r) 
and B (x, r) is open, that is (H2) (a) holds. 

Let now y G B (x,r); since we already know that balls are open, as noted 
above this means that y k — > y for some sequence {y k } C B(x,r). Hence 
p(y k ,x) < r and limsupfc^oop (y k , x) < r. However, p is continuous, so 

limsupfc^p (y k , x) = p (y, x) , 

which means that y G {z : p (z, x) < r} , which is (H2) (b). ■ 

The next property, which involves both p and the measure pi, tells us that 
also even when estimating Holder norms, zero measure sets are negligible. 
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Proposition 5 (i) Let A, E C Q, A open and E of measure zero. Then A\E = 
A. 

(ii) Let f : A\E — ¥ R with A, E as above, and f such that, for some a, C > 

\f(x)-f(y)\<Cp(x,y) a (11) 

for any x,y £ A \ E. Then f can be continuously extended to A in such a way 
that ill]) holds for any x,y G A. 

Proof, (i) Let x G A and {xk} C A such that Xk — > x. Since A is open, for any k 
there exists > such that B (xk, rk) C A. It is not restrictive to assume that 
rk — > 0. For any k there exists yk G B (xk,rk) \ E\ otherwise E would contain 
a ball, which by (H6) has positive measure. By ([5]), x G il n for some n; then, 
by © the sequence {xk} is definitively contained in Q n +i; for the same reason 
the balls B (xk,rk) are definitively contained in f2 n +2j hence we can apply the 
quasitriangle inequality ([7]) writing 

P (Uk,x) < B n+2 (p (yk,Xk) + p (xk,x)) < B n+2 (rk + p (xk, x)) -> 

for k —¥ oo, so yk — > x. Since yk <E A \ E, this implies x e A \ E and we are 
done. 

(ii) Since p is continuous, (|11[) implies that / is uniformly continuous on 
A \ E, hence it can be continuously extended to A \ E in such a way that (| 1 1 1) 
still holds. By point (i) A \ E — A, so (ii) is proved. ■ 

3 Dyadic cubes in a locally homogeneous space 

Throughout this paper, until Section 8, we will assume that (f2, {f2n}^Li > Pi /•*) 
be a locally homogeneous space. 

The construction of dyadic cubes, which has been anticipated in the intro- 
duction, is contained in the following: 

Theorem 6 For any n = 1,2,3, ... there exists a collection of open sets 

{Q k a GQ,k = l,2,3...,a£l k } 

(where Ik is a set of indices) , positive constants ao, cq, c\, C2, S £ (0, 1) and a set 
E C f2 n of zero measure, such that for any k ~ 1,2,3... we have: 

(a) Va £ Ik, each Q k a contains a ball B (z^, aoS k ) ; 

(b) |jQ*cf2„ +1 ; 

ael k 

(c) Va G Ik, 1 < I < k there exists Q l p 3 Q^; 

(d) Va G I k , diam(Q k a ) < Cl 5 k andQ^cB (z k , Cl 5 k ) ; 

(e) i > k Va G h, P G I u Q* p C Q k or q\ C\Q k a = %; 

(!) V n \ |J Q k a C E; 
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(g) Va £ Ik, x € Q k a \ E, j > 1 there exists Qp 9 x; 

(h) y, (B (x, 2r) n Q k a ) < c 2f i (B (x, r) n Q*) /or any x G Q k \E,r > 0. More 
precisely, for these x and r we have: 

u(B(r r)nO k ) > I c 0^{B{x,r)) for r < S k 

p{B(x,r)DQ a ) > | CQ/i (g^ f rr>S k (12) 

Note that the cubes Q k a and all the constants depend on n, so we should 
write, more precisely 

f n ) , 0(n) ', &0,(n) 7 C(),(n) ) ,(n) 7 ^2,(n) ' 

However, in order to simplify notation, we will skip the index (n) whenever 
doing so does not create ambiguity. As will be apparent from the proof, the 
sequence of constants o"(„) can be assumed nonincreasing. 

The sets Q k a can be thought as dyadic cubes of sidelength S k . Note that k 
is a positive integer, so we are only considering small dyadic cubes. 

The proof of Theorem [5] is not much more than a careful inspection and 
adaptation of some proofs contained in [16) . However, our iterative construction 
is a bit more involved because at every step n the "universe" that we want to 
cover with our cubes enlarges. Moreover, in order to use the quasitriangle 
inequality, we need to know in advance that the points belong to some domain; 
this will be often proved by a tricky combined use of © and ([7]). 
Proof of Theorem [6], first part. For a fixed let S > to be fixed later, 
and let us perform the following iterative construction. 

For k — 1, let us fix a maximal collection of points {z\\ ^, C £l n such that 

p{z k a ,z k p ) > 6 for any a ^ (3. 

By the maximality, we can say that for x G fl n there exists z\, such that 
p (z^, < 6, hence 

E!=Q n C |J B(zi,S) =E 2 . 

For k — 2, let us fix a maximal collection of points {z 2 t } aeI ^ C E 2 such that 

p(zl,z}) > S 2 for any a^f3. 

By the maximality, we can say that for any x G E 2 there exists z\ such that 
p (z^, x) < S 2 , hence 

E 2 C \J B(z 2 a ,5 2 )=E 3 . 

Continuing this way, we build a family of points {z k } aeI for k = 1,2, 3, and 
a family of sets E\ C E 2 C _E 3 C ... . We are going to show that it is possible 
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to choose S small enough so that 

oo 

[jE k cn n+1 . (13) 

k—1 

Namely: E\ = fi„ C fi n +i and, by definition of E 2 and D^C ^ n +i as 
soon as 

S < 2e n . (14) 
Let now y £ £3. Then there exists z\ £ E2 such that p (y, z^) < S 2 and there 
exists Zp £ fl n such that p (^z^, zj^j < S. Since £2 C ft n +i, we have y 6 fi n +2 
(that is S3 C fin+2) as soon as 

S 2 < 2e„+i. (15) 
Under this assumption we can write 

Then, under the further assumption 

B n+2 (S 2 + 6) < 2e n (16) 
we can conclude that -E3 c Q n +i (which strengthen the previous conclusion 

£3 c n n+ 2)- 

This idea can be iterated showing that for any y £ En, N = 2,3,4... there 
exists x £ il n such that 

p (x, y) < B n+2 [6 + B n+2 [S 2 + B n+2 [S 3 + ... + B n+2 [S^ 1 + S N ]]]] (17) 
<f](iW) fc < / 5 " +2 <2SB n+2 

provided 

S < 1/ (2B n+2 ) . (18) 

If, moreover, 

S < e n /B n+2 , (19) 

we can conclude (fT3"|) . Choosing S small enough to fulfill conditions (fl4l - (|19p 
we are done. 

Note that, for any k = 2, 3..., a £ Ik, 



z k a £E k = (J B^.^JdBm (20) 

hence for any z\ there exists j3 £ Ik-i such that 

p(4,z%- 1 ) <<5 fe - 1 (21) 
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Moreover, for any k = 1, 2, 3.. 



p (z k ,z k ) > 5 k for any (22) 



After this preliminary construction we pause for a moment our proof, and 
give the following 

Definition 7 A tree is a partial ordering < o/ £/ie set o/ ordered pairs (fc, a) 
(7c = 1, 2, 3, a & Ik) which satisfies: 

(Tl) (k,a) <(l,/3)=>k> I. 

(T2) For each (k,a) and 1 < I < k there exists a unique ft such that (k,a) < 
(1,(3). 

(T3) (fc,a)<(fc-l,/3)=> P (z k a ,z k - 1 ) <5 k -\ 

(T4) P (zl,z k - x ) < (2B n )~ 1 5 k - 1 =^ (k, a)<(k- 1, 0) . 
It is not restrictive to assume 

B n > 2, (23) 

as we will do in the following; hence the constant (2B n ) 1 appearing in the 
definition is < 1. 

This definition is the same given in [16], except for the restriction that our 
integers k,l are positive. Moreover, our tree also depends on n (through the 
points z k ). As proved in |16l Lemma 13], there exists at least one tree (for each 
integer n). Actually, the same proof applies in view of (l2~Tj) , (|2"2"|) . 

As in [16J . we can now define the dyadic cubes: 

Definition 8 For a fixed integer n, fix a tree, and let oq G (0, 1) be a small 
constant to be determined. For k — 1,2, 3, a € Ik, set 

Q k = |J B (4,00*0 • (24) 

(l,p)<(k,a) 

Proof of Theorem [6l second part. By definition, each is an open set 
and (a) holds. Since 

B(z l p,a 5 l ) CB(z l p ,a 8) 

we have 

Q k a C |J B(z l f3 ,a 5). 

(l,P)<(k,a) 

oo 

Since z 1 ^ € [J^fc C ^ n +i, choosing qq such that 



k=l 



a Q S < £„+i (25) 
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we read that Q k C fi„+2- Let y € Q„ and such that p (y, z l ^j < a Q d.By (IT7)) , 
there exists x G r2„ such that p ^x, zjA < 28B n+2 , hence 

P (x, y) < B n+2 (p (x, z l p) + p (y, z l )) < B n+2 (2SB n+2 + a S) 

so we can conclude that y £ £l n +i provided 

S(2Bl +2 + a B n+2 ) < 2e n . (26) 

It is now useful to choose ao = 5; this implies that all the conditions we will write 
on ao and S simply ask that 5 be small enough in terms of the constants e n , B n , 
so that all these conditions can be simultaneously satisfied. Nevertheless, we 
will keep using both the symbols ao and S, to stress the different roles of these 
constants. 

Under assumptions (|2"5|) - (f2"6")l . we conclude Qjj C fi n +ij that is (b) holds. 
From the definition (|24|) we also have the monotonicity of dyadic cubes: 

(l,j3)<(k,a)^Q l pCQ k a . (27) 

By (T2) and (f27f we immediately have (c). 
As in p~6j (3.13)] we can prove that 

(/, 0) < (A, a) =► p (4, z k a ) < 2B n+1 8 k (28) 

provided 

5 < (2B n )' 1 . (29) 

This implies (d) since, for any x,y G Q^, x G B (z l p, a S l ^j ,y G B (z^ 1 , aoS h ) for 
some (I, f3) < (k, a) , (h, 7) < (k, a) we can write 

P {x, y) < B n+1 [p (x, z l p ) + p (y, z l p)] 

< B n+1 [a 5 l + B n+1 [p (y, **) +p(z l fs , z*)]] 

< B n+1 [a S l + B n+1 [a Q 6 h + B n+1 [p (z l p , z k a ) + p (*£,**)]]] 

< B n+1 [a 8 l + B n+1 [a S h + B n+1 [2B n+1 5 k + 2B n+1 5 k ]]] 

where the last inequality follows by (|28[). Since l,h > k this implies (since 
ao < 1) 

p (x, y) < S k [B n+1 + Bf l+1 + 4B,4 +1 ] 

which gives (d) with 

c 1 = 7B* +1 . (30) 

Note that with this choice of c\ we also have Q k C B (z k ,ci5 k ) . 

In order to prove (e), we can now proceed proving, as |16[ Lemma 15]: 

K Qt n Q k g^ then a = /3. (31) 
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Indeed, the same proof of [T^l Lemma 15] applies, in view of ([28]). (b), (|2"2"|) . 
More precisely, (|3 1 1) holds provided we choose ao and 5 small enough so that 

6 + a < (2B n+1 y 3 . (32) 

With (J2U) in hand let us show that (e) holds. Let I > k > 1, n Q k a ^ 0, 
and choose 7 such that (/,/?) < (k, 7) (this is possible by (T2)); then C 
which, together with Qj n / implies Q* H Q* ^ 0. By ([31]) then a = 7, 
that is C which gives (e). 

Let us come to the proof of (f). Fix k > 1 and let 

^ = U Ql 

ael k 

Fix x G fi„ = -Bi; since £1 C £ 2 C E 3 C by O, 

Wi > 1 3z£ such that p (x, z£) < (33) 
By (b), for any h > k we have 

B(z5,oo* h ) CQt 
By (c) there exists Qp 3 Qq, hence 

B(i^")c^CQjcf fcC !l„ +1 . (34) 
By the triangle inequality, 

B ao5 h ) C £ (x, S n+1 (1 + ao) 5 h ) = S. (35) 

In turn, 

B (x, B n+1 (1 + a ) S h ) C B (** B n+1 (B n+1 (1 + a ) <S h + 5 h )) . 

For ft, large enough we have 

B n+X [B n+X (1 + a ) 6 h + 6 h ) < 3B 2 n+1 6 h < e n , (36) 

and the local doubling condition (jHJ implies 

H(B (zla 6 h )) >cti(B) 

for some constant c > depending on n (once we have fixed S and ao). By (|34[) 
and (|3"5j) the last inequality gives 

p (F fc n B) u (B (4, a ^) n g) _ // (g (zj, gpg)) 
M (B) " fj, (B) n{B) 

and /i large enough. Letting h — > +00 we find that 

u(F k r\B(x,r)) 
limsup ^ K ——. y ' " > c> Vx G Q„, fc = 1, 2, 3... 
r ^o fx{B{x,r)) 
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By Lebesgue's theorem on differentiation of the integral, p, (0„ \ -Ffe) = 0. Let- 
ting 



E={J (n n \F k ) (37) 



fe=i 



we have (f). 

To prove (g) we need a refinement of the argument used in the above proof 
of (f). Since fi„ = E\ C i? 2 Q E 3 C by ([20)1 for any a; £ £/v we have that: 

V/i > iV 3z£ such that p (x, z%) < 6 h 

while for any h > k (|34l) and (pl5j) still hold. Hence we can prove as above that 

jti (E h \ F fc ) = for any k,h>l. (38) 

Let i* 1 be the null set given by [J (Eh \ Fk) ■ Then fix a dyadic cube Q k 

h,k>l 

and pick a point x 6 Q£ \ F. Since cc £ Q^,, there exists £> (zg,ao<5 ft ^ 3 x for 
some h > k; since 

B(z>„5")cB(z^") c£7 hj 

this means that x G since x ^ F, (|38[) implies that for any Z > 1 the point x 
belongs to some Q 1 ^ , which is (g) . Clearly, the fact that the null set F appearing 
in the proof of this point is possibly different from the null set E appearing in 
the proof of point (f ) is immaterial, since we can always relabel E the union of 
the two. 

To prove (h), let x G Q k a \ F (with F as above) and r > 0. We need to 
establish a lower bound on p, (_B (x, r) n Q„) ; let us distinguish two cases: 

(i) r < S k . Let j > k such that 5^ +1 < r < <P and let Q« +2 a cube containing 
x (by (g) it certainly exists). By (e), Q^ +2 C while by (d), diam^Q^ 2 ^ < 
ci^+ 2 . Then Q^ +2 C B (x, r) , since, for y G Q^ +2 , 

p (x, y) < B n+1 \p (x, ^+ 2 ) + p (y, ^+ 2 ) ] < 2B n+lCl S^ +2 < <F +1 < r 

provided S is small enough so that 

2B n+lCl S < 1. (39) 

Therefore 

p(B(x,r)nQ k a ) >p(q j + 2 ) >p(B(z?+\a V +2 )) 



> 



cofi(B(x,6 j )) >cofi(B(x,r)) 



where the up to last inequality follows by the local doubling condition © , with 
a constant Co only depending on n. 



16 



(ii) r > S k . Let Qp +1 3 x (by point (g) it certainly exists). Since diam\Qp +1 \ < 
Q k p +1 cB(x, Cl 5 k+1 ) cB(x,r) 

as soon as 

aS < l (40) 

hence, by point (a), 

v{B(x,r)nQ k a )>n(Q>; +1 )>n(B (z k +\ a»5 k+l )) 

while, since z^ +1 G Q k a and diam(Q^) < c\8 k , 

M (S (z k p + \ Cl 5 k )) >fi{Q k ). 

To conclude fT2")) . which immediately give (h), we have to apply the local dou- 
bling condition, to say that 

fi (B (z k+ \ Cl 8 k )) < com (B (z k p +\a a 5 k+1 )) . 

This is possible, once we have (at last) fixed <5, with some constant depending 
on 5, and therefore on n. Hence Theorem [S] is proved. 

Finally, note that in our iterative construction, at every step n we can always 
choose the number 5^ less than or equal to the number 5r n —i) chosen at the 
previous step. Hence the sequence d( n ) can be assumed to be nonincreasing. ■ 

Remark 9 In the previous proof the reader could be confused by the number of 
conditions we have imposed on S and the other constants. So, let us summarize 
the logical line of this procedure. First, we can assume without loss of generality 
that the parameters s n ,B n of Q„ satisfy the following: 

B n +i > B n > 2 for every n; 

£n+i < e n < - for every n. 

Then we have chosen 

a = 7B 4 n+1 

and clq = S, where 6 has to satisfy conditions U5\) . M6\) . U8\) . Hty) . $25\) . 

fifty) . (flPj). fifty) , fifty) . (Jty ), and also (Jty ), which will be used in the proof of 
Lemma UM With some patience one can check that a possible choice is 

x 1 • ( g" 1 \ 
o = — mm e„4-i , ^ — , = — • 

After S has been fixed, the constants c§,ci can be determined in terms of 6 and 

C ri- 
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Point (h) of the above theorem means that each set \ E is a space of 
homogeneous type. It is useful to reinforce the previous statement with the 
following: 

Proposition 10 For each fl n ,k and a G 1^, the set Q k a is a space of homoge- 
neous type. 

Here and in the following, whenever we will write that a set S C is a space 
of homogeneous type we will mean that (S, p, dp) is a space of homogeneous 
type, with respect to the same p and p already defined in Q. 
Proof. The only point to prove is that if x G n E (where E is like in 
Theorem [6]) then 

p (B (x, 2r) n Q k a ) < cp (B (x, r) n Q k a ) for any r > 0. 

Pick y G B (x, er) n (Q„ \ E) for some small e to be fixed later. Such y certainly 
exists, otherwise E would contain the open set B (x, er) (~l Q^, which by ([8]) has 
positive measure, while E has zero measure. 

Since x € C £l n +i, for r < e n +i we have B (x, 2r) C f2 n +2 and we can 
prove 

B(x,2r)cB(y, Cl r) (41) 
with ci = (2 + e) B n+2 . Analogously, 

B(y,c 2 r) C B(x,r) (42) 

provided (e + C2)-E> n +2 < 1- Hence (|41[) . (|42[) hold for suitable constants C2 < 
1 < ci and e small enough (depending on n but not on r), while by point (h) of 
Theorem |6l since y G \ E we have 

M (B (y, c x r) n Q*) < cp (B (y, c 2 r) Pi Q*) 

for some constant c depending on cx, C2 and any r > 0. So we conclude 

p (B (x, 2r) n Q*) < (B (a:, r) n Q*) for any r < e n+1 . 

Let now r > e n+1 . Pick y £ B (x,E n+1 /2B n+2 ) n (Q* \ £). By (g), for any 
ft, there exists Qp 3 y. Since diam^Q^ < ci<5' 1 , for z G Q 1 ^ we have 

p (z, i) < B„ +2 (p (z, y) + p {y, x)) < B n+2 c 1 S h + ^±1 < e n+1 

for h large enough. Let ho the minimum integer > k such that this is true, so 
that Qp° C B (x,e n+ i). Hence 

p{B(x,r)nQ k a )>v(Q%>) 

while p [B (x, 2r) fl Q*) < /i (Q*) • The desired conclusion follows since p 
and /i ^Q^ ) a re comparable. (See the last part of the proof of Theorem . So 
we are done. ■ 
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By Theorem^ point (f), we know that each family of cubes {Qa} aGl covers 
fi„ \ E. Since the cubes Q k a are open and disjoint sets, it is reasonable that they 
cannot generally cover the whole fi„ (if, for instance, 0„ is a connected set, this 
is impossible). On the other hand, from the proof of the theorem we can read 
the following fact: 

Proposition 11 For any fl n and any k — 1,2,3,..., the closure of Q k a 

ael k 

covers Q n . 

Proof. Let x £ Q n . By V/i > 1 3z£ h such that p(x,z^J < 5 h . Hence 

the sequence {z k k }^_ 1 converges to x. Moreover, the point z^ belongs to 
Q 1 ai C Uf3 & i 1 Q\; the point z^ 2 belongs to a cube which is contained in 
some parent cube C U^gjjQa, and so on. Hence the whole sequence is 
contained in U^g/jQ^, which means that x belongs to the closure of U/jg/jQL 
With the same reasoning we can say that for any positive integer h the sequence 
{ z a k )k-h 1S contained in Upei h Qp, hence x belongs to the closure of Up e i h Qp 
for any h = 1, 2, 3... ■ 

The next question we pose is: how many cubes form each family {Qa} ae i ' 
We expect them to be finitely many, since they are contained in fl n +i, which is 
bounded, they are pairwise disjoint and have essentially the same diameter. A 
formal proof of this fact requires some care. We first need the following lemma, 
which will be useful also other times. 



Lemma 12 For any k = 1,2, 3, ... there exists c n ^ > such that 

,k 

where S and oq are as in Theorem^ 



inf fi (B (z, a a S k )) > c„,, 

2Gf2„ 



Proof. Since 0„ is compact (see assumption (H4)), there exists a finite number 
of points Z\, Zn G Q n such that 



N 



fl n C [jB (z t ,a S k 



i=l 



Let now z be any point of il n ; there exists Iq such that z S B (zj ,ao5 fc ) . On 
the other hand, for any pair of nondisjoint balls of radius r and centers z,Zi , 
we have the inclusion B (zi , r) C B (z, B n+ i (2B n+ i + 1) r) . Assuming 

(2B n+1 + 1) a S < 2e n (43) 

we have, by the doubling condition ([8]) 

H(B (z,a Q 5 k )) >cfi(B(z,(2B n + l)a 5 k )) > cfi (B (z io , a 6 k )) > ce = c„, fc 

having set 

e— min u (B (z;, an5 k )) . 

i=l,2,...,JV v v " 
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Proposition 13 For each k = 1,2, 3, the family {Qa} ae j * s finite. 
Proof. Since [J Q„ C O n +ij we have 

aelk 

Ml U Q *J <M(a i+ i)<oo, 

(recall that any fi n +i has finite measure, as noted after definition [1]). Since the 
Qa' s are pairwise disjoint and by Theorem^ point (a), Q k D B (z k ,ao5 k ) , 

» ( U = E A* (Qa) > E M ( B (4, «0«*)) 

\a£l k I aeh a£l k 

where the last sum, by the previous Lemma, is an infinite quantity unless Ik is 
finite. Therefore Ik is finite. ■ 

The finiteness of the covering {Qa} aeI of fi„ at any scale fc is interesting 
for the following consequence: 

Corollary 14 For any k = 1, 2, 3, ... t/ie se£ 

^ = U OS 

is a space of homogeneous type. The same conclusion holds for the union of 
any subfamily of \Qa} a ^i ■ The doubling constants depends on n and k. 

Proof. We have to prove that 

fi (B (x, 2r) n F k ) < c/i (B (x, r) n F k ) for any r > 0, x € F fc . (44) 

Let us first prove this inequality when x £ Fk \ E, where E is the null set 
appearing in Theorem [51 So, let x 6 Q k a \ E for some a £ Ik and let r > 0. We 
will apply (fT2l in Theorem [SJ distinguishing the cases r < <5 fe and r > S k . 
When r < S k , by the doubling condition © we have 

A 1 (5 (x, r) n F fc ) > fi (B (x, r) n Q*) > c ^ (B (a;, r)) 

> (B (x, 2r)) > (£ (x, 2r) n F fe ) . 

When r > (5 fe 

/i (B (a;, r) n > ii (B (x, r) n Q*) > c oA1 (Q*) 

> c„,fc/i (F fc ) > c nik ii (B (x, 2r) n Ffc) 

where in the up to last inequality we have used the fact that the Q k a are finitely 
many open sets, each of positive measure, while fi (Ft) < fj,(Q n +i) < oo, so 
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that for some constant c depending on n and k (but not on a), we can write 
fi(Q k a ) >cp(F k ). 

If now x G Fk l~l -E 1 , we can repeat the same reasoning used in the proof of 
Proposition ITUl to show that (|44p still holds. This completes the proof. ■ 

Summarizing several results proved so far, we can say that for any n there 
exists a space of homogeneous type Fk, contained in fi n +i and essentially con- 
taining fl n , in the sense that il n \ E C Fk (by Theorem [6l f) and f2„ C Fk (by 
Proposition lllj) . In view of our applications to singular integrals, it is important 
to get a local and more quantitative version of this result. This is contained in 
the following theorem, which is the main result in this section. Since it involves 
different sets Q n , here we have to add an index n to the number S and the cubes 

OS- 

Theorem 15 For every n there exists R n > such that for any x £ f2 n and 
R < R n there exists an open set F such that: 

(i) F is a space of homogeneous type; its doubling constant depends on n but 
not on R; 

(li) B (x, R) \ E_C F C il n+2 (with /! (E) = 0); 
(in) B (x, R) C F; 

(iv) diamF < cR for some constant c depending on n but not on R; 

(v) fj, (F) < cfj, (B (x, R)) for some constant c depending on n but not on R. 

The independence of the constants from R will be precious when dealing with 
commutators of singular or fractional integrals with VMO functions. Clearly, 
the whole ft n can be covered, for any R < R n , by a finite number of balls 
B (pa, R) , to which this theorem is applicable. 

Remark 16 The reader could ask why we do not consider the set F (which 
satisfies the simple inclusions B (x,R) C F C f2 n +2 ) instead of F ( which does 
not exactly contain B(x,R)). The problem with F is that, in our abstract 
context, it is not obvious how to prove that it is a space of homogeneous type, 
too. 

Proof. Fix x G fl n and let R n = 5^ for a fco to be chosen later, but such 
that R n < 2s n , hence B(x,R) C fi n +i. For R < R n , pick k > ko such that 
S^ 1 < R < 8( n y F° r these n and fc, there exists a € such that (see Theorem 
if 

x e Qi n) < fc c b (z^\c Un) 5\ n) ) c n n+1 . 

For any y S B (x, R) we can write 

p (y, 4 l),fe ) < B n +i (p (y,x) + p (x, < B n+1 (S k {n) + c Un) 5\ n) ) = h n 5 k {n) 

hence 

B(x,R)cB^- k ,h n S k n) ) 
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with 

h n = B n+ i (l + c 1: („)) . 
Choose ko (and consequently R n ) so that h n 5 k °^ < 2e n , hence 

for any k > ko, and so for any R < R n . Since £l n +i is covered (up to a null set) 
by the union of all the dyadic cubes Qp , we can define the set 

f = (J {Qp +lhk ■ Qp +1)tk n b (4 n) ' fe , M? n) ) ^ 0} 

and we immediately get 

B (x, R) \ E C B (z^\ hj k [n) ) \ E C F C fi n+2 , 

that is (ii). Moreover, by Proposition ITTI we also have B(x,R) C F, which is 
(iii). 

By Corollary Q3J i* 1 is a space of homogeneous type. Note that, for the 
moment, we only know that its doubling constant depends on n and k (that is 
on R); we want to prove that it actually only depends on n. 

Since 

diamQ^ n+1) ' fc < c li(n+1) ^ n+1) < c li(n+1) ^ n) 

(the sequence <5(„) is nonincreasing) and each of the cubes defining F intersects 

z^' k ,h n 8^ n A , the quasitriangle inequality in tt n+2 gives diamF < c5 k {n) 

for some constant c depending on n, that is (iv). Finally, since B(x,R) D 

B (l£, S^ 1 ^ , repeated applications of the quasitriangle inequality in Q n +2 give 

F C B (x,j n R) for some constant j n dependent on n but not on R. Shrinking 
if necessary the number R n (that is enlarging the integer ko) we can assure 
that the local doubling condition in f2 n +2 is applicable to the ball B(x,j n R) 
for R < R n and conclude that 

fi(F) <(i{B (x, Jn Rj) <cB{x,R) 

for some constant c depending on n but not on R, that is (v) . This also implies 

that (i (F) is comparable to /i (Q^p +1 ^' k ^j for any of the cubes defining F. Hence 

we can now prove that the doubling constant of F only depends on n. Namely, 
revising the last part of the proof of Corollary [14] we can see that inequality 

c oM {Qa) > C n,kV (Fk) 

now rewrites as 

com (Q l p +1) '") >c n ^(F) 

and we are done. ■ 
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4 Holder continuous functions 

In several problems related to singular or fractional integrals we will need Holder 
continuous cutoff functions adapted to concentric balls. This construction is 
classical and does not depend on the doubling condition, so can be performed 
in any fl n as in usual spaces of homogeneous type. 

Fix 51„. The function p is a quasidistance in f2„, hence by known results 
of Macias-Segovia |25l Thm. 2] we can build a new quasidistance d in Q ni 
equivalent to p in Q n , and such that for some a € (0, 1) d is of order a, which 
means that 

\d(xi,y) -d{x2,y)\ < cd(x 1 ,x 2 ) a jd (xi, yf~ a + d (x 2 , 2/) 1_Q | (45) 

for some constant c > 0, any x,y,z £ fl n . Here and in the following, saying 
that two functions p\ (x,y) , p 2 (x, y) are equivalent in f2„ means that for two 
positive constants c\ , c 2 > we have 

c\p\ (x, y) < p 2 (x, y) < c 2 pi (x, y) for any x, y e Cl n . 

It is worthwhile to note that the exponent a in ()45[) depends on n; from the 
proof given in [25j Thm. 2] we read a = 1/ log 2 , which is not optimal in 

the sense that for B n = 1 (that is when p is a distance) does not say that (|45|) 
holds with a = 1. 

Let us write Bd [x, r) for the d-ball of center x and radius r. Now, for any 
xq £ Q n with Bd (xq, 2r) C f2 n we can define the function 

cj)(x) = ip(d(x,x )) 

where 

{1 < t < r 

2-t/r r <t <2r . 
t > 2r 

A standard computation exploiting (|45[) and the equivalence between p and d 
allows to prove the following: 

Proposition 17 For any f2 n there exists an exponent a > and two constants 
ci < 1, c 2 > 2, suc/i that for any xq G fi n anrf r > w^/i B (x, c 2 r) C fi„ </iere 
exists a function <f> with the following properties: 

0<4>(x)<l; 
<p (x) = 1 for x G B (xq, c\r) 
<p (x) = /or x ^ B (x , c 2 r) 
( p (x x ) \ a 

|0 (xi) - ^(x 2 )| < c ( - i — I for any Xi,x 2 £ 0„. 
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The cutoff function <j) belongs to the space Cq (f2„) . Note that we can build 
such cutoff functions only for a < ao where the threshold ao depends on the 
space ft n . We will briefly write 

(j) £ C% (fi n ) , B (x , c x r) <<f)<B (x ,c 2 r) 

to say that <p has all the properties stated in the above proposition. 

By our assumption of regularity of the measure fj,, the above result [25, Thm. 
2] also implies, by a fairly standard argument, that for any bounded Borel set E 
we can build a Holder continuous function which approximates in L p norm, for 
any p £ [1, oo), the characteristic function of E. Therefore the following density 
result holds: 

Proposition 18 For any fi„ there exists ao > 0, depending on n, such that for 
any a £ (0, Qo], an U P £ [lj oo), the space C a (Cl n ) is dense in LP (Cl n ). If p is 
a distance we can take ao = 1. 

We leave the details to the interested reader. Note that this is the only point 
of the theory where we use the assumption of regularity of \x\ moreover, this 
assumption could actually be removed. Namely, refining an argument contained 
in [23 Thm. 2.2.2], it is possible to prove that, under our assumptions (HI), 
(H2), (H4), any positive Borel measure on Q has the regularity property which 
is used in the proof of this proposition. 

5 Local singular and fractional integrals 

We now want to develop a theory of singular and fractional integrals in locally 
homogeneous space. We are interested in situations, which typically occur when 
dealing with local a-priori estimates for subelliptic PDEs, where one builds 
singular kernels K (x, y) which are naturally defined only locally, say for x, y 
belonging to some ball B(x,Ro) C f2 n +i with x £ Q n . Starting from this 
kernel, one builds a new one of the kind 

K (x, y) = a (x) K (x, y) b (y) 

where a, b are suitable cutoff functions both supported in B(x,Ro) ■ This K 
has the better property of being defined in the whole f2„+i X f2 n +i (except the 
diagonal x — y); the integral operator with kernel K can be the right object 
to prove a local estimate, of LP or C a type. We can use the Holder continuous 
cutoff functions built in the previous section to define a kernel K supported 
in B (x, R) x B (x, R) , and exploit the fact that B (x, R) is in turn essentially 
contained in a space of homogeneous type (see Theorem ll5|) . Then, we would like 
to apply to the singular or fractional integral defined by K some existing results 
from the theory of spaces of homogeneous type. This requires checking that K 
satisfies globally, in the space of homogeneous type where we have embedded 
it, suitable properties: standard estimates, cancellation properties and so on. 
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The following preliminary construction and results serve to this aim. Moreover, 
in view of the commutator theorems we are going to prove, we want to further 
shrink the support of K, if necessary. This is the reason why we introduce a 
second variable radius R < Rq. We keep assuming that (SI, {fin}^! , P, m) be a 
locally homogeneous space. Moreover, we make the following: 

Assumption (H7). For fixed Q n ,Q n+ i, and a fixed ball B(x,Ro) , with 
x 6 fl n and Ro < 2e n (hence B(x,R ) C f2 n +i), let K(x,y) be a measurable 
function defined for x,y 6 B (x, R ), x ^ y. Let R > be any number satisfying 

cR < R (46) 

for some c > 1 which will be chosen in the proof of the next Proposition; let 
a,b e C$(tl n+ i), B(x,ciR) -< a -< B(x,c 2 R), B(x,c 3 R) -< b ~< B(x,c 4 R) 
(see Proposition [T7|) for some fixed constants Ci € (0, 1) , i = 1, ...,4. The new 
kernel 

K(x,y) = a(x)K(x,y)b(y) (47) 
can be considered defined in the whole £l n +\ x f2 n _|_i \ {x = y}. Then: 

Proposition 19 Under assumption (H7) we have: 

(i) Assume K satisfies for some v £ [0, 1) the following standard estimates: 

\K(x,y)\< ,£ (Xt f w (48) 
fi{B {x,p{x,y))) 

for x,y € B (x, Rq) , x ^ y, and 

\K(x ,y)-K(x,y)\ + \K(y,x ) - K(y,x)\ < ( ^ X °f^ 

fj,{B{xo,p(xo,y))) \p{x ,y)J 

(49) 

for any x Q ,x,y £ B(x,Ro) with p(xo,y) > Mp(xo,x), some (3 > 0,M > 1. 
(M > 2B n+ i, so that condition p(xo,y) > Mp(xo,x) implies the comparability 
of p(x ,y)^and p(x,y)). 

Then K satisfies the same bound |^£| ) for any i,i/£ fi n + 1, x ^ y and a bound 
J^ff[ ) (with a different constant B' ) for any xo,x,y € Q n +l> with p{xQ,y) > 
Mp(xQ, x), provided a > (3 (where a is the Holder exponent related to the cutoff 
functions defining K ); the new constant B' depends on A, B and n (but not on 
R). 

(ii) Assume K satisfies f^ffi ) with v — and the following cancellation prop- 
erty: 

there exists C > such that for a.e. x € B (x, Rq) and every e±, £2 such that 
< £i < £2 and B p i (x, £2) C O n +l 



K(x,y)dp(y) 

f2 n+ i,ei<p'(x,2/)<e 2 



K(z, x) dp,(z) 

fl n+1 ,ei<p' (x,z)<e 2 



(50) 
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where p' is any quasidistance equivalent to p in f2 n +i and B p > denotes p' -balls. 

Then K satisfies a similar cancellation property (with a different constant 
C ) for a.e. x € fin+i, < £i < £2 < 00. The new constant C depends on A, C 
and n (but not on R). 

The same is true if, in the condition \50\), we replace the integration over 
fi n +i with the integration over any measurable set containing B (x, R) . 

(Hi) Assume K satisfies the bound (i) and the following convergence condi- 
tion: for a.e. x G B (x, Rq) such that B p > (x, R) C fi n +i there exists 

h R (x) = lim / K(x,y)dp(y), 



fi „ -I- 1 , £ < p' ( x , 1/ ) < i{ 



where p' is any quasidistance equivalent to p in fi n -|_i. 
Then for a.e. x £ f2 n +l> there exists 

h(x) = lim / K{x,y)dp(y). 



e-yO 



U n+1 ,p'(x,y)>e 



Remark 20 The presence of a function p' possibly different from p (but equiv- 
alent to it) in conditions (ii)-(iii) adds flexibility to the theory: it is sometimes 
easier to check these conditions for a p' different from p. For instance, when deal- 
ing with local estimates for operators structured on Hormander's vector fields, 
typically p will be the Carnot-Caratheodory distance induced by the vector fields, 
while p' will be the quasidistance defined by Rothschild-Stein in \2T\. 



Proof. The first part of (i) is obvious. To prove the second part, let us write, 
for x ,x,y G O n+1 , p(x ,y) > Mp(x ,x): 

K(x ,y) -K(x,y) < \a(x ) K (x ,y)b(y) - a(x Q ) K (x,y)b(y)\ 

+ \a(x ) K (x,y)b(y) — a (x) K (x, y) b (y)\ 
= 1 + 11. 

By dUD, 

I < \a(xo)b(y)\ — — — — (51) 

H{B{x ,p(xo,y))) \p(x ,y)J 

when xq, x,y G B (x, R ). Since the quantity \a (xo) b (y)\ does not vanish only 
if Xo, y G B (x, R), it is enough to consider what happens when xq, y G B (x, R) 
and x ^ B (x, R) . We have 

p(x,x) < B n+1 (p(x,x ) + p(x ,xj) < B n+1 (-j-p('-*>> 'l' 1 " R 

< B n+1 \Jjf B n+i (p(x ,x) + p(x,y)) + R 

< B n+ i (—B n+ i2R + R ) -B„ + i 11 
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(by our assumption M > 2B n+ i). Hence, if in Assumption (H7) we take 

cR < R with c > 2B n+1 , (52) 

we have p(x,x) < Ro, and (|5"Tj) holds for any xo,x,y E f2«+i with p(xo,y) > 
Mp(x 0l x). 
Now, 

/J=|o(ajo)-o(s)||iif(i,y)&( tf )| 
by Proposition [T7l and ((48]), for x, y E B (x, Ro) , 



- c \r ) \ K ( x >y)Hy)\ 

Bp(x ,yY / p(x ,x) \ a 
- C p(B(x ,p(x ,y)))y R J ^ 

since p (xq, y) is comparable to p (x, y) . 

The term 77 does not vanish only if y € B (x, R) and x or xq belongs to 
B (x, R) . 

If y,Xo G B(x,R) then p(xo,y) < 2B n+ \R. On the other hand, condition 
p(xo,y) > Mp(xo,x) with M > 2B n+ i implies 

p(xo,y) < 2B n+1 p(x,y) . 

Hence if y,x E B (x, R) then p (x, y) < 2B n+ iR and p (xq, y) < (2B n+ i) 2 R. So, 
in any case p(xo,y) < cii?, and ([55]) gives 

7J < c BP^'V)" ( P( x o, x ) \ a 
p(B(x ,p(x,y))) \p(x ,y)J 

< c Bp{x ,y) u f p(x ,x) \P 
p(B(x ,p(x ,y))) \p(x ,y)J 

for any f3 < a,x,y E B (x,Ro) ■ It is now enough to check what happens for 
y, xo E B (x, R) and x ^ B (x, Ro) ■ Reasoning like above, the conditions y, xq E 
B(x,R) imply p(x,x) < 2B n+ \R < Rq by (|52|) . hence x £ B(x,Rq) simply 
cannot happen. 

To prove (ii), let x E £l n +i and consider, for any £2 > £1 > 0, 



A= / K(x,y)dp{y) = a{x) / K(x,y)b(y) dp(y). 

Jsi n+ i,si<p'(x,y)<£ 2 «'n„ + i,ei<p'(x,K)<e 2 

This quantity does not vanish only if x E B (x, R) ; since also b (y) does not 
vanish only for y E B (x, R) , the integrand does not vanish only if p' (x, y) < c'R 
for some c'. Choose the number c in (|46| so that cR < Ro implies c'R < Ro 
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and B (x, c'R) C fi n +i- Then 

A = a[x) / K(x,y)b(y) dfx(y) 

J fi„ + i,£i <p'(a;,y)<min(e2 ,c'R) 

= a(x)b(x) / K(x,y)d/i(y)+ 

J ,£l <p'{x,y)<min(c2,c'R) 



+ / y) [b (y) - b (x)} d^y) =A 1+ A 2 . 

J fl„+i ,ei <p'(x,y)<min(£2 ,c' R) 

Now by ([50)1 we can bound 

L4i| <C|o(a;)6(a!)| < C 

while 

MM< / \K(x,y)\c(^lYd^y) 

jQ n+ i,e 1 <p'(x,y)<rmn(e 2 ,c'R) V "> J 

<JL f An (y) < —J"tr ee C. 

R a Jn, P (x,y)<c"R A* l-B (», P [x, y))) R a 

In the last inequality we have applied a standard estimate in spaces of homoge- 
neous type (since the integral is extended to a ball centered at a point of fl n +i 
and contained in fl n +2 we can apply the local doubling condition): 

p{x,y) a , , , 

dp, (y) 



n, P (x,y)<c"R A* ( s A 1 (x, y))) 



< / — . ^ ' rrrdfify) 

To prove (hi), let us consider, for x e fi n +i and < E\ < e 2 , 



if (x, y) dfj,(y) - / A'(x, y) d(i(y) 

fl n + l,p' (x,y)>e 2 Ji1 n + i,p'(x,y)>ei 

= a(x) / K(x,y)b(y)dfx(y) = A(e 1 ,e 2 ,x) . 

J il rl + i,£i<p'{x,y)<S2 

The quantity A (e 1; e 2 , x) does not vanish only if x S B (x, R) ; for this x and i? 
small enough we have B (x, R) C O n+ i, hence we can write 

A(si,e 2 ,x) = a(x)b(x) K(x,y)diJ,(y) 

Ji1 n+ l,Sl <p' (x,y)<e 2 

+ a(x) [ K{x, y) [b (y) - b (a?)] dfi{y) 

= Ai (ei, e 2 , x) + ^2 (£1, £2, x) 
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and, by our assumption on K 1 

lim A\ (si, £2j x) = 0. 

ei,E2— >0 

On the other hand, reasoning as above, we get 

iA 2 ( ei>ea> x)i<-i. / <fr( P )< c (gr 

it Q Ja,p(_x,y)<c"e 2 A 4 (-B P (Xj y))) V « ' 

which also vanishes for £2 — > 0. So the desired limit exists. ■ 

Theorem 21 (i p and C n estimates for singular integrals) Let K, K be as 

in Assumption (HI), with K satisfying the standard estimates (i) with v = 0, 
the cancellation property (ii) and the convergence condition (Hi) stated in Propo- 
sition[Wl If 

Tf(x) = Km[ K(x,y)f(y)d f i(y), 

e-M) JB(x,R),p'(x,y)>e 

then for any p G (1, 00) 

\\Tf\\L»{B(Z,R)) — C Wf\\LP(B(x,R)) ' 

The constant c depends on p, n and the constants of K involved in the assump- 
tions (but not on R). 

Moreover, T satisfies a weak 1-1 estimate: 

Li({x€B(x,R) : \Tf(x)\>t}) < | ||/|| £ i (B(SiR)) for any t > 0. 

Assume that, in addition, the kernel K satisfies the condition 

h (x) = lim / K(x, y)dn(y) G C (fi n+1 ) (54) 

Jp'(x,y)>e 

for some 7 > (where p' is the same appearing in the assumed convergence 
condition (Hi)). Then 

W T f\\cv(B(xM)) ^ c \\f\\cn{B{x,HR)} ( 5 ^) 

for any positive r\ < min (a, /3, 7) and some constant H > 1 independent of R. 
(Recall that a is the Holder exponent related to the cutoff functions defining 
K,f3 appears in the standard estimates (i) and 7 is the number in j54\ l)- 

The constant c depends on 77, n, R, the constants involved in the assumptions 
on K, and the C 7 norm of h. 

Proof. By Theorem [15] there exists a space of homogeneous type F such that 

B (x, R) \ E c F C n n+1 
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and the doubling constant of F only depends on n. By our assumptions on K 
and Proposition [T9l the operator T satisfies all the assumptions of Theorem [41] 
(about singular integrals in spaces of homogeneous type) , so that 

W T f\\hP(B{x,R)) - \\ T f\\hP(F) - c II/IIlp(F) 

with c depending on p, n and the constants involved in the assumptions about 
K. Applying the inequality to / 6 L p (B (x, R)) (having set / = outside this 
ball), we get 

Wf\\LP(B(Z,R)) - C \\f\\LP(B(x,R)) ' 

The same argument gives the weak 1-1 estimate for T. 

For the C case a similar argument applies; we now apply Theorem 1421 and 

get 

\\Tf\\ C r,( F) <c\\f\\ c , l(F) 

with c depending on 77, n, the constants involved in the assumptions about K, 
the C 7 norm of h, and also diamF, that is R. Moreover, B (x, R) C F hence 

\\ T f\\cn(B(x,R)) ^ ll T /llc"(F) = \\ T f\\cn(F) < c\\f\\cn(F) ■ 

A difference with the LP case is that now we cannot set f — outside the ball 
B (x, R) preserving its Holder continuity, therefore we can just write 

W^f\\ci(B(x,R)) — c \\f\\c(B(x,HR)) 

since, for some H > 1 independent of R, we have F C B (x, HR), as seen in the 
proof of Theorem [151 ■ 

Remark 22 (Estimates for Cq functions) In the applications of this the- 
ory to local a priori estimates for PDEs, the function f is usually compactly 
supported, so that we can apply h55\) to f 6 Cq (B (x, R)) , getting the more 
appealing inequality 

\\ T f\\c*i(B(x,R)) - C Wf\\ci(B(x,R)) ■ 

Moreover, applying this inequality to functions f G Cq (B (x,r)) with r < R we 
can get a a bound 

W f\\ci(B(x,r)) — C Wf\\c*i(B(x,r)) 

with c depending on R but not on r. 

Remark 23 (Checking assumption (1540 ) Assumption {5$ can be the most 
troublesome to check in concrete applications (apart from classical cases in which 
h is zero, or is constant). In some applications to subelliptic equations, the ker- 
nel K{x, y) happens to be a perturbation of a simpler kernel which has vanishing 
integral over spherical shells; in these cases, one can prove that the limit 

lim / K(x,y)d(t(y) 
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equals to the integral of a nonsingular kernel satisfying standard estimates 

for some v > 0. It is then helpful to recall that such an integral always 
belongs to a Holder space, as will follow from Theorem \25l since it can be re- 
garded as T (1), where the constant 1 is Holder continuous and T is a fractional 
integral. . 

Theorem 24 (L p — L q estimate for fractional integrals) Let K, K be as 

in Assumption (HI), with K satisfying the growth condition 

0<K(x,y)< — (56) 

H{B (x,p(x,y))) 

for some v £ (0, 1) , c > 0, any x,y £ B (x, Rq) , x ^ y. If 
Iuf{x)= f K(x,y)f(y)dn(y) 

JB(x,R) 

then, for any P G (l, ^) , ^ = ^ — v there exists c such that 

Wvf\\hi(B(x..R)) - c \\S\\lv{B{x,R)) 

for any f £ L p (B (x, R)) . The constant c depends on p, n, and the constants of 
K involved in the assumptions (but not on R). 

Proof. This theorem follows from the analog result which holds in spaces of 
homogeneous type, that is Theorem 1431 by a similar argument to that used in 
the proof of Theorem HHI ■ 

The analog C v estimate for fractional integrals is better stated under slightly 
different assumptions on the kernel. In the applications of the theory that we 
have in mind, where the measure of a ball is equivalent to a fixed power of the 
radius, both the theorems will be applicable. 

Theorem 25 (C v estimate for fractional integrals) Let K, K be as in As- 
sumption (HI), with K satisfying J^ffi ) and for some v e (0, 1) ,f3 > 0. If 

U(x)= f K(x,y)f(y)d»(y), 

JB(x,R) 

then, for any r\ < min (a, /3 , v) 

\\Ivf\\c<l(B(x,R)) — C Wf\\ci(B(x,HR)) ■ 

The constant c depends on r\, n, R and the constants of K involved in the as- 
sumptions; the number H only depends on n. 

Reasoning as in Remark[521 we can also say that for functions / £ Cq (B (x, r)) 
with r < R the following bound holds 

\\Ivf\\ci(B(x,r)) — C \\f\\c{B{x,r)) 

with c depending on R but not on r. 

Proof. This theorem follows from Proposition [T9l and the analog result which 
holds in spaces of homogeneous type, that is Theorem 1441 by an argument 
similar to that used in the proof of the C n case in Theorem [5T] ■ 
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6 Local and global BMO and VMO spaces 

Let (ft, {^ n }^Li , p, (j.) be a locally homogeneous space. 

Definition 26 (Local BMO and VMO spaces) For any function u G L 1 (il n+ i). 
and r > 0, with r < e n , set 

<n„,n n+1 W =sup sup -— — -- / |u(x) - u B \ dfi(x) , 

t<r i eS)„ M I-" [ x 0, t)) jB(x ,t) 

where u B = p{B (x , t))^ 1 J B{xo t) u. We say that u G BM O toc (fi„, Sl n +x) if 
\\ u \\BMO lac (a n ,a n+1 ) = SU P <n„,n„ +1 ( r ) < °°- 

r<.e n 

We say that u 6 VMOi oc (O n , O n _|_i) if u ^ BM Oi oc (^n, ^n+i) and 

<o„,o„ + » ->0 asr^O. 

TTie function 77* ^ q win 6e called VMO local modulus of u in (Q n , fl n +i). 

Note that in the previous definition we integrate u over balls centered at 
points of tt n and enclosed in Cl n +i. This is a fairly natural definition if we want 
to avoid integrating over the intersection B (xq,£) (~l fl n - We will need also the 
following standard 

Definition 27 (BMO and VMO spaces over a homogeneous space) Let 

S be a subset offl which is a space of homogeneous type (S can be a single cube 
Q k a , or the set F built in Theorem \15[ or the whole Q\). For any function 

aei k 

u G L 1 (S) and r > 0, set 

Vu,s(r) = sup sup — - 1 / \u(x) - u Bn s\ dfx (x) , 

t<r Xo eS A 1 [B (x , t) f) b) J B (xo,t)r\S 

where u B ns = l^(B (xq, t) n f B , X0 t \ nS u. We say that u G BMO (S) if 
\\ u \\bmo(s) = sn PVu,s (r) < 00. 

r>0 

We say that u G VMO (S) if u G BMO (S) and r] u ,s(r) -> as r -> 0. 77ie 
function T) U ,S will be called VMO modulus of u in S. 

The useful link between the two notions of BMO is contained in the next 
Proposition. Here we have to consider families of dyadic cubes adapted to 
different sets tt n , hence we need to add an extra index to our symbols. 

Proposition 28 For fixed n and x G fi n , let B (x, R) ,F be as in Theorem [751 
(recall that F G Vtn+z). Let f G BMOi oc (f2„ + 2, Sln+3) , then 

\\f\\BMO{F) — c7 7/,f2„ + 2,0„ + 3 ( C ^) - C \\f\\BMO loa (Q n+2 ,Q n+3 ) ^7) 

for a constant c depending on n but independent of R. In particular, given 
f G VMOi oc (fi n +2) ^n+a) ■ the norm \\f\\ B MO(F) can ^ e taken as small as we 
want, for fixed n and R small enough. 
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Proof. The second inequality holds by definition, so let us prove the first. With 
the notation used in the proof of Theorem IT51 let x £ F, that is x G Q^ +1 ^' k for 

some Qp l+1 ' > ' k intersecting B \h n 8 k n ^j . In particular, x G Q n +2- Recall 

that S^ 1 < R < . We want to bound, for any r > 0, 

1= m , \ nP J \f(y)-c\d»(y) 
li {B (x,r)r\F) J B ( x ,r)nF 

with c to be chosen later. Let us distinguish the cases: 

(i) r<S k n+1) . Then 

M (B (x, r) n F) > f i (B (x, r) n qJ* +1} ' k ) > c , (n+ i)/x (B (x, r)) 
(see till) ), hence choosing c = fB(x,r) 

I < —r^j 7T / \f(y)~ fB(x,r) | dfi (y) 

< «7},n„ +2 ,n„ +3 ( S (n+i)) < «7},o„ +2 ,n„ +3 (c»#) 

since <5(„+i) < <5 (n) and S^ 1 < R. 

(ii) r>^ n+1) . Then 

/i (B (x, r) n F) > ^ (B (x, r) n Q<T +1) < fc ) > Co t(n+1)t i (Q ( ; +1) ' k ) 

(see (HU), which in turn is equivalent to [i (F) because the two sets have com- 
parable diameters and the first is contained in the second. Here we can apply 
the local doubling condition for balls of radius ~ <^ n+1 ) centered in f2„+i and 
contained in fl n +2- Hence 

i<-^ ! \f(v)-c\dn(y). 

V (F) Jf 

In turn (see the last part of the proof of Theorem [T5|) . F C B(x,j n R) with 
H (F) comparable to /i {B (x,j n R)), therefore choosing c = fB(x,j n R) we get 

/ < ctf,n n+2 ,n n+3 {c-nR) 

and we are done. ■ 

7 Commutators of local singular and fractional 
integrals with BMO functions 

Theorem 29 (Commutators of local singular integrals) Let K, K be as 

in Assumption (H7), with K satisfying the standard estimates (i) with v = 0, 
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the cancellation property (ii) and the convergence condition (Hi) (see Proposition 

W- if 

Tf(x) = lmi[ K(x,y)f(y)dn(y) 



B(xM),p'(x,y)>e 



and, for a £ BMOi oc [Q, n+ 2, , we set 

C a f{x)=T{af) (x)-a(x)Tf(x), 
then for any p € (1, 00) there exists c > such that 

\\Caf\\LP(B(x,R)) - c W a W BMOi oa (n n+2 ,n n+3 ) ll/ll-LP(B(5,fi)) • 

Moreover, if a G VMOi oc (fl n+ 2, Sln+3) for any e > there exists r > such 
that for any f S L p (B (x, r)) we have 

l|Ca/lliP(fl(x,r)) - £ \\f\\LP(B(x,r)) ■ 

The constant c depends on p, n and the constants of K involved in the assump- 
tions (but not on R); the constant r also depends on the VMOi oc (J7„ + 2,^n+3) 
modulus of a. 

Proof. Proceeding like in the proof of Theorem 12 1\ and with the same meaning 
of the symbols, we prove, applying Theorems 1431 and I4T1 which hold in spaces of 
homogeneous type, that 

l|Co/lliP(F) - c IMIsAfOC-F ) II/IIzj>(f) 

for some constant c depending on p, n and the constants involved in the as- 
sumptions on K (but not on i?); in turn, by Proposition [28] the last quantity is 
bounded by 

c ll a llBj\/o ioc (o„ +2 ,n„ +3 ) II/IIlp(f) ■ 
Reasoning on the support of / we get, like in the proof of Theorem [2T1 

\\Caf\\ L P(B(x,R)) ^ c \\ a \\BMOi oc (n n+ 2,n n+3 ) Wf\\LP(B(x,R)) ' 

To prove the second assertion, we now observe that if we apply the LP continuity 
estimate 

W T f\\LP(B(xM)) < c \\f\\ L P(B(x,R)) ( 58 ) 

to functions / 6 LP (B (x, r)) for any r < R, we find 

\\Tf\\LP(B(x,r)) - C \\f\\LP(B(x,r)) (^) 

so that the same operator T is continuous on L p (B(x,r)), for any r < R, 
with a constant independent of r. (Recall that the number R is involved in the 
definition of T (through the cutoff functions), so that (|59|) is not the same as 
" |58jl for R small"). 
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Take r so small that for x,y € B (x, r) we have K (x, y) = K (x, y) . Then the 
kernel K satisfies in B (x, r) assumptions (i) in Proposition [121 with constants 
independent of r. We can therefore apply again the commutator theorem on 
spaces of homogeneous type (Theorem |4"5]) to the operator T on the space F' 
built as in Theorem [15] with F' essentially containing B (x, r) and and compa- 
rable with it, concluding that, for any / £ L p (B (x, r)) , 

l|Co/|lLP(B(x,r)) — ll^o/ II £P(F') — C H a llsMO(F ') ll/lli»>(F') 

< c?7*n„ +2 ,a„ + 3 ( c » r ) ll/llLP(s(5r,r)) ( 60 ) 

where we have applied again Proposition 1281 Since in the last inequality the 
constants c, c n are independent of r, if a £ 1/MO; OC (fi ra +2, , for any e > 

we can find r small enough so that crj* Q re+2 a n+3 (cit) < e, and we are done. ■ 

Theorem 30 (Positive commutators of local fractional integrals) Let K, K 

be as in Assumption (H7), with K satisfying the growth condition (56)) for some 
v>0.If 

Iuf{x) = f K(x,y)f(y)d»(y) 

J B(x,R) 

and, for a 6 BMOi oc (^n+2, 0„+3) } we set 

C v , a f{x)= [ K(x,y)\a(x)-a(y)\f(y)d»(y) (61) 

JB{x,R) 

then, for any pG(l ) ^),| = \ ~ v there exists c such that 

ll^,o/llz,9(B(5,R)) - C \\ a \\BMO, oc (n n + 2 ,Cl n+3 ) \\f\\hP(B(x,R)) 

for anyfeLP (B (x,R)). 

Moreover, if a € VMOi oc (f2 n +2, ^n+3) for any e > there exists r > such 
that for any f 6 L p {B (x, r)) we have 

H^. a /llL9(B(x,r)) — £ Wf\\LP(B(x,r)) • 

The constant c depends on p, v, n and the constants involved in the assumptions 
on K (but not on R); the constant r also depends on the VMOi oc (f2„+2, ^n+3) 
modulus of a. 

Proof. Proceeding like in the proof of Theorem [29] and with the same meaning 
of the symbols, applying Theorem [46] which holds in spaces of homogeneous 
type, we get that 

\\Cu,af\\ L q( F ) < c \\ a \\BMO(F) II/IIlp(F) 

< c ll a llBAfOi e(n„ +2 ,n„ +3 ) II/IIlp(f) 
for any p 6 (l, ^) , - = ^ — v. Like in the proof of Theorem [2"9l we have 

II^,o/IIl8(B(5,R)) - C H a llBA/0 loc (0„ + 2,n„ +3 ) II/IIlp(B^,JJ)) • 
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for any / G LP (B (x, R)). The same argument in the proof of Theorem |2T)1 also 
gives 

\\Cv,af\\ LV ( B (^ tr ^ < C?7* ! n„ +2 ,n„ +3 ( Cir ) ll/lli«(B(S,r)) 
^ £ \\f\\Li(B{x,r)) 

for a G VMOi oc (f2 n +2, 7 and r small enough so that crf a n n (cir) < 

e, so we are done. ■ 

Theorem 31 (Positive commutators of nonsingular integrals) Let K, K 

be as in Assumption (H7), with K satisfying condition |^ff| ) with v — 0. Assume 
that the operator 

Tf(x)= [ K(x,y)f(y)d»(y) 

JB(x,R) 

is continuous on LP (B (x, R)) for any p G (1, 00). For a G BMO\ OC (f2 n +2, fin+3) 7 
C a f(x)= f K(x,y)\a(x)-a(y)\f(y)dfi(y), (62) 

l|C«/llz,p(B(x,fl)) - c ll a llsj\/o !oc (o„ +2 ,n„ +3 ) II/IIlj>(.b(x,.R)) 

for any f G LP(B{x,R)) ,p G (1, 00). 

Moreover, if a G FAfO; oc (fi n +2, Sln+3) /or any £ > i/iere exists r > smc/i 
i/iai /or any f € L p (B (x, r)) we have 

l|Ca/lliP(B(x,r)) - 6 ll/llii>(B(SE,r)) ' 

TTie constant c depends on n, i/ie constants involved in the assumptions on K, 
and the LP -LP norm of the operator T (but not explicitly on R); the constant r 
also depends on the VMOi oc (0„_|_ 2 , ^+3) modulus of a. 

Proof. The proof is very similar to that of Theorem [30] Here we need to apply 
Theorem [47] which holds in spaces of homogeneous type. ■ 

Remark 32 The presence of an absolute value inside the integral in and 
\62\l make the corresponding commutator theorems more flexible than the ana- 
logue for singular integrals. Namely, if Theorem \30A or \31\ applies to a kernel K, 
it also applies to any other positive kernel equivalent to K, differently from what 
happens for singular integrals, for which the cancellation property is crucial. 

8 Local maximal operators 

In this section we briefly deal with the local maximal operator in locally ho- 
mogeneous spaces. The result is substantially already known (see for instance 
[24]), but for the sake of completeness we state it explicitly with the language 
and notation of this paper. 
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Definition 33 Fix fl n , f2 n +i and, for any f G L 1 (Q n+ i) define the local max- 
imal function 

Mn n ,n n+1 f(x) = sup — — j [ \f (y)\dp (y) for x G Q n 

r<r n ^{B [X,r)) J B (x,r) 

where r n = 2s n / (2B n + 3B^) , with B n as in Fty. 

The following Vitali covering lemma holds, with the usual proof (see e.g. 
P33 Chap. 3]), thanks to the fact that by our restriction on x and r we can 
apply the local doubling condition to the involved balls: 

Lemma 34 Let E be a measurable subset of Q n that is covered by the union 
of a family of balls B (x a , r a ) centered at points of f2„ and with radii r a < r n . 
Then one can select a disjoint countable subcollection {B (x ai) r aj )} so that 

oo 

E C |J B (x aj , Kr aj ) with K = (2B n + 3B%) , 
j=i 

and, for some constant c depending on n, 

oo 

(B (x aj ,r aj )) >cfj, (E) . 

3 = 1 

Then, again repeating the standard proof, one can establish the following: 

Theorem 35 Let f be a measurable function defined on O n +i- The following 
hold: 

(a) If f G L p (Q n+ i) for some p G [1, oo], then Ma nj Q n+1 f is finite almost 
everywhere in Q n ; 

(b) if f £ L 1 (Q n+ i), then for every t > 0, 

H {{x g n n : (Mn n ,n n+1 /) (i) ><}) < ^ f \f (y)\ dp (y) ; 

(c) if f G LP (n n+1 ), 1 < p < oo, then Mn n ,n n+1 f G LP (O n ) and 

\\Mn n ,n n+1 f\\ LP{nn) < c„ )P ||/|| iP(0ii+l) ■ 

9 Quasisymmetric quasidistances 

In this section we want to extend the main results of the previous theory to the 
more general case of a quasisymmetric p. We stress the fact that the results we 
are going to extend are those of Sections [5] to but not the construction of 
dyadic cubes of Section [3] 
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Definition 36 (Quasisymmetric locally homogeneous space) We make the 
following assumptions. 

(Kl) Let Q be a set, endowed with a function p : CI x f2 — > [0, oo) such that 
for any x,y £ fl p (x, y) = x = y. 

For any x £ fl, r > 0, let us define the ball 

B (x, r) = {y G O : p(x,y) < r} 

and the coball 

B'(x,r) ={yefl : p(y,x) < r} . 

Let us define a topology in Q saying that A C O is open if for any i£i there 
exists r > such that B (x, r) C A. Also, we will say that E a Q is bounded if 
E is contained in some ball. Let us assume that: 

(K2') p(x,y) is a continuous function of x for any fixed y £ Q and a con- 
tinuous function of y for any fixed x E Q. 

(H3) Let p be a positive regular Borel measure in Q. 

(K4) Assume there exists an increasing sequence {^n}^! of bounded mea- 
surable subsets of O, such that: 

oo 

71=1 

and such for, any n — 1,2, 3, 

(i) the closure of Q n in O is compact; 

(ii) there exists e n > such that 

{x € Q, : p (x, y) < 2e n for some y £ £l n } c Jln+ij 
{x £ : p (y, x) < 2e n for some y £ 0„} C fi n +i; 



(K5) there exist A n , B n > 1 such that for any x,y, z £ f2„ 

p{x,y) < A n p(y,x) ; 

P (x, y) < B n (p (x, z) + p (z, y)) ; 

(H6) there exists C n > 1 such that for any x £ tt n , < r < e n we have 

< p (B (x, 2r)) < C n p (B [x, r)) < oo. 

(Note that for x £ fl n and r < e n we also have B {x, 2r) C Vl n+ i). 

We will say that (Q, {^nj^—i i Pi P) * s a quasisymmetric locally homogeneous 
space if assumptions (Kl), (K2'), (H3), (K4), (K5), (H6) hold. 

With a proof very similar to that of Proposition 0] in Section [5] we can prove 
the following: 
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Proposition 37 Condition (K2') is equivalent to the validity of both the fol- 
lowing 

(K2) (a) the balls and coballs are open with respect to this topology; 
(K2) (b) for any x G SI and r > the closure of B (x,r) is contained in 
{y G SI : p (x,y) < r} and the closure of B' (x, r) is contained in {y G SI : p (y, x) < r} . 

It is also immediate to check the following 

Proposition 38 If (SI, {^n}^Li , p, /^) is a quasisymmetric locally homogeneous 
space and 

P* (x,y) = p(x,y) + p(y,x) , 

then (Si, {^n}^Li >/?*)A*) is a locally homogeneous space, and its constants can 
be bounded in terms of the constants of (SI, {Sl n }'^' =1 , p, p) ■ 

We now want to apply the results we have proved in Sections [5] to [5] to show 
that similar results hold in a quasisymmetric locally homogeneous space. Let 
us discuss in detail one of these results, the others being similar. 

Theorem 39 (L p and C estimates for singular integrals) Theorem\21\ still 
holds if (SI, {^n}^Li i P, p) is a quasisymmetric locally homogeneous space. 

Proof. The key observation is that if the kernel K satisfies conditions (i), (ii), 
(hi) in Proposition ll9l with respect to p, it also satisfies them with respect to any 
equivalent function, in particular with respect to p*; this follows by a standard 
computation, and implies the validity of L p estimates, by Theorem I2T1 As to 
C v estimates, let us first note that p and p* define the same space C" 7 , with 
equivalent norms. Moreover, if K satisfies the condition 



for^some 7 > and some p' equivalent to p, this p' is also equivalent to p* , 
so h satisfies the Holder continuity assumption required by Theorem [2lJ hence 
Holder estimates hold. ■ 

A similar argument shows that Theoremsl24landl25lstill holds if (SI, {Sl n }'^' = i , p, p) 
is a quasisymmetric locally homogeneous space. 

To deal with commutators we first need to make the following remark about 
BMO spaces. 

Let us denote by B r , B r the balls with respect to any two equivalent functions 
p, p satisfying the axioms of quasisymmetric locally doubling spaces. Then for 
any xq G Sl n , r < e n , any r G K, we can write, by the equivalence of p, p 




I 



I \u (x) — t\ dp (x) 

B r (x ) 



\u (x) — t| dp (x) 



< 



\B r (X Q ) 



by the local doubling condition 
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Choosing t = t— — -; — r fs i \ u (x) du, (x) and recalling that for any r we 

b |B C2r (a;o)| J B C2r (x ) W ^ W to J 

have 

i P 7 si / h ( x ) " u b.(*o) | d/i (ac) < 2 • ) / |u (x) - t\ dp (x) 

I -Br (SCO) JB r (xo) I- 8 '-- Ml Jb t (x ) 

we get the equivalence between the norms ||u|| BMOi ^ n n ^ with respect to 
p and p, and an analogous equivalence between VMOi oc moduli. Applying 
this argument to the quasisymmetric function p and its symmetrized p* we 
immediately get that also the commutator theorems [29l [3(3 [31] still hold if 
(Q, {^n}^^ , p, p) is a quasisymmetric locally homogeneous space. 

Finally, the extension of Theorem[35]to the setting of quasisymmetric locally 
homogeneous spaces is immediate, since the maximal functions defined with 
respect to equivalent quasisymmetric quasidistances are equivalent, hence the 
result in the symmetric case implies that for the quasisymmetric case. 

10 Appendix. Known results for spaces of ho- 
mogeneous type 

In this Appendix we collect all the results about spaces of homogeneous type 
which we have applied throughout the paper. We first recall the basic 

Definition 40 Let X be a set endowed with a function p : X x X — > [0, oo) 
such that for some constant B > \, any x,y, z G X : 

p(x,y) = x = y; 

p(x,y) =p{y,x) ; 

p{x,y) < B (p (x, z) + p (z, y)) . 

Assume that the p-balls are open with respect to the topology they induce. 
Let /i be a positive Borel measure on X , satisfying the doubling condition 

< p (B (x, 2r)) < Cp (B (x, r)) < oo 

for any x € X, r > 0. Then we say that (X, p, p) is a space of homogeneous type. 

Dependence of the constants. We will say that some constant depends 
on X to say that it depends on the constants B, C. 

10.1 W and C a estimates for singular integrals on spaces 
of homogeneous type 

Theorem 41 (L v continuity of singular integrals) Let (X, p, p) be a ho- 
mogeneous space, p a regular measure. Let K : X x X\ {x = y} — > K a kernel 
satisfying the following conditions: 

the standard estimates CM) with v — 0, for any x, y G X , and {49^ , for any 
xq, x, y £ X, with p (xq, y) > Mp (xq, x) , M > 1, v = 0, /? > 0; 
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the cancellation property 



' r<p' (x,y)<R 



K (y, x) dp (y) 



K (x, y) dp (y) 



r<p' (x,y)<R 



< c 



for any R > r > 0, x G X, where p' is any quasidistance equivalent to p. Let T e 
be the truncated operator defined as 



T £ f 



K (x, y) f (y) dp (y) 



p'(x,y)>e 



for any f G Cq (X) (with r\ small enough so that Cq (X) is dense in L p for 
p G [l,oo) j. Then T £ can be extended to a linear continuous operator from LP 
into LP for every p G (1, 00), and 

\\T E f\\ LP <c\\f\\ LP 

where the constant c depends on X , p and all the constants involved in the 
assumptions, but not on e. Moreover, if for a.e. x G X there exists the limit 



lim 



K (x, y) dp (y) , 



I p'(x,y)>e 

then the above LP estimate holds also for the operator 

Tf(jc) = Um[ K(x,y)f(y)dp(y). 

e ^ a Jp'(x,y)>e 

Finally, the operator T satisfies a weak (1,1) -estimate: 

p({x€X;\Tf(x)\>t})<~\\f\\ LHx) . 

The above result follows, for instance, from the results contained in [16] and 
[T5] ; see also [H Thm. 4.1, Thm. 4.5] where this theorem is explicitly derived 
from the aforementioned results. 

Theorem 42 (C a continuity of singular integrals) (See Thm. 2.7]). 
Let (X, p, p) be a bounded homogeneous space, and let K : X x X\ {x = y} — > K 
a kernel satisfying the following conditions: 

the standard estimate \4<ty with v = 0, any x,y G X, and with v = 0, 
for any xo,x,y G X, with p {xg,y) > Mp (xq, x) , M > 1, [3 > 0; 

the cancellation property: for any r > 



K (y, x) dp (y) 



p'(x,y)>r 



K (x, y) dp (y) 



p'{x,y)>r 



<c, 



where p' is any quasidistance on X , equivalent to p. Assume that for every 
f G C a (X) and x G X the following limit exists: 



Tf (x) = lim T e /(x) = lim f 



(x,y)>e 



K (x,y)f(y) dy 
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T(l) (x) £ C'(X), /or some r] £ (0, 1] Then the operator T is continuous 
on C a (X); more precisely: 

\ T f\c(x) ^ c ll/llc"(x) f° r ever y a< f3,a<r] 

for some constant c depending on X, a, and all the constants involved in the 
assumptions (recall (3 is the exponent appearing in assumption HSfy). Moreover, 

\\Tf\\ LOO <c\\f\\ c<x{xv 

where c also depending on diamX . 

10.2 L p and C a estimates for fractional integrals on spaces 
of homogeneous type 

Theorem 43 (LP estimate for fractional integrals) Let (X, p, p) be a space 
of homogeneous type, and for a £ (0, 1) , let 

C 

0<K a 0, y) < — — a _ a for x^y,K a (x, x) = 

H (B (x,p{x,y))) 



I a f{x)= K a (x,y) f (y)dfi(y) 
Jx 

for any measurable f : X — > R for which the integral makes sense. Then, for 
any p E (l, ^) , - = - — ct there exists a constant depending on X, a,p and the 
constant C in the assumptions on K ai such that 

lMa/lll,9(X) - c ll/llz,p(X) 

for any f G LP (X) . 

The above result is due to Gatto-Vagi, see [35], [2"3] . 

Theorem 44 (C a estimate for fractional integrals) (See f3[ Thm 2.11]). 
Let (X, p, p) be a bounded space of homogeneous type, and let K (x, y) be a kernel 
satisfying for some v £ (0, 1) the standard estimates BSD for any x, y £ X , and 
\4^ , f or an U x a, x, y £ X, with p (xq, y) > Mp (xq, x) , M > 1, ft > 0; let 



I v f{x) = / K u (x,y)f(y)dp J (y). 
Jx 

Then, for any a < min (/3 , v) we have 

\\I»f\\c* { x)<c\\f\\c«(x)- 

The constant c depends on X, a,diamX, and the constants involved in the as- 
sumptions on K. 

The above two results about fractional integrals are proved in the quoted 
papers under some additional assumptions on the space (e.g., the absence of 
"atoms", that is points of positive measure); however, these statements can be 
easily proved in full generality. 
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10.3 Commutator theorems 

The original commutator theorem we are interested in is the one proved by 
Coifman-Rochberg- Weiss [IB] for classical Calderon-Zygmund operators. The 
extension of this result to spaces of homogeneous type, both bounded and un- 
bounded, has been proved in [5J Thm 2.5, Thm. 3.1]: 

Theorem 45 (Commutators of singular integrals) Let (X, p, p) be a ho- 
mogeneous space and let all the assumptions of Theorem \41\ be in force. Let 

Tf (x) = lim / K(x, y)f (y) dfx(y) 

e ^JX,p'(x,y)>e 

and, for a £ BMO (X) let 

C a f(x)=T(af) (x)-a(x)Tf(x). 
Then, for any p £ (1, oo) 

\\Caf\\LP(X) - C ll a llsMO(X) II/IIzp(X) 

for some constant c depending on X,p, and the constants involved in the as- 
sumptions on K, but not on /, a. 

Next, let us recall the analog results for fractional or more general type of 
nonsingular integral operators. A key point in the following result is the presence 
of an absolute value inside the integral, which is allowed by the positivity of the 
kernel: 

Theorem 46 (Commutators of fractional integrals) Let (X, p, /j,) be a ho- 
mogeneous space and let K a , L a be as in Theorem \43\ For any function a £ 
BMO (X) , let 

C a f {x) = I K a (x, y) \a (x) -a{y)\f (y) dp, (y) 
J x 

be the "positive commutator" of L a with a. Then for any p £ (l, — ) , - = - — a 
there exists c — c(X,a,p) such that 

\\Caf\\ L q(x) - C ll a ll_BAfO(X) II/IIlj»(X) ' 

The above theorem has been first proved in [9j Thm. 2.11] under an extra 
assumption on the space (X, p) and then, in this full generality, in [TJ Thm. 3.3, 
Thm. 3.7]. 

An analog result holds for any abstract operator with positive kernel, which 
we already know to be L p continuous: 
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Theorem 47 (See J7J Thm. 0.1]). Let (X,p,fi) be a homogeneous space and 
K (x, y) be a nonnegative kernel such that the operator 

Tf(x)= f K{x,y)f{y)dp(y) 
Jx\{x} 

maps L p (X) into L p (X) for p G (1, oc) . Also, assume K satisfies the standard 
estimate fl^ff| ) for v = 0, some j3 > 0, M > I, any xo,x,y G X with p(xo,y) > 
Mp(x a , x). For a G BMO (X), let 

C a f(x)= f K(x,y)\a(x)-a(y)\f(y)dp(y). 
Jx 

Then there exists c — c (X, p) such that 

\\Caf\\ L p(x) - c H a llsAfO(X) II/IIlp(X) • 
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